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We introduce the measures, Bell discord (BD) and Mermin discord (MD), to characterize bipartite quan-
tum correlations in the context of nonsignaling (NS) polytopes. These measures divide the full NS polytope
into four regions depending on whether BD and/or MD is zero. This division of the NS polytope allows us
to obtain a 3-decomposition that any bipartite box with two binary inputs and two binary outputs can be de-
composed into Popescu-Rohrlich (PR) box, a maximally local box, and a local box with BD and MD equal
to zero. BD and MD quantify two types of nonclassicality of correlations arising from all quantum correlated
states which are neither classical-quantum states nor quantum-classical states. BD and MD serve us the semi-
device-independent witnesses of nonclassicality of local boxes in that nonzero value of these measures imply
incompatible measurements and nonzero quantum discord only when the dimension of the measured states is
fixed. The 3-decomposition serves us to isolate the origin of the two types of nonclassicality into a PR-box and
a maximally local box which is related to EPR-steering, respectively. We study a quantum polytope that has an
overlap with all the four regions of the full NS polytope to figure out the constraints of quantum correlations.
I. INTRODUCTION
Bell showed that measurements on spatially separated en-
tangled system can lead to nonlocal correlations which cannot
be explained by local hidden variable (LHV) theory [1, 2].
Nonlocality is witnessed by the violation of a Bell inequal-
ity which puts an upper bound on the correlations under the
constraint of the LHV theory. Nonlocality is not the unique
nonclassical feature of quantum theory as nonquantum cor-
relations, which cannot be used for instantaneous signaling,
also violate a Bell inequality. Nonlocality of quantum theory
is further limited by the Tsirelson bound [3]. Popescu and
Rohrlich showed that the limited violation of a Bell inequality
by quantum theory is not a consequence of relativity [4].
In generalized nonsignaling theory (GNST), correlations
are constrained only by the nonsignaling (NS) principle [5, 6].
The set of NS correlations forms a convex polytope which can
be divided into a nonlocal region and local polytope. The set
of quantum correlations forms a convex set, however, it is not
a polytope [7]. Since quantum correlations are contained in
the NS polytope, any quantum correlation can be written as
a convex combination of the extremal boxes of the polytope.
Thus, quantum correlations can be studied using NS polytope.
One of the goals of studying GNST is to find out what sin-
gles out quantum theory from other nonsignaling theories [8].
Quantum key distribution was studied in the context of GNST
in which nonlocality is responsible for security [9].
Nonlocality of quantum theory implies that nonlocal corre-
lations are obtained by incompatible measurements performed
on the entangled states [2]. All pure bipartite entangled states
violate a Bell inequality for appropriate incompatible mea-
surements [10, 11]. However, Werner showed that nonlocal-
ity and entanglement are inequivalent; there are mixed en-
tangled states which have LHV models for all measurements
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[12]. Thus, not all entangled states can lead to the violation of
a Bell inequality even when incompatible measurements are
performed on them [13]. Nonlocality is one of the manifesta-
tions of contextuality, where commutation of the observables
comes from the fact that, they are spatially separated [14].
Quantum contextuality is manifested through logical contra-
diction known as Kochen-Specker (KS) paradox [15]. Peres
[16] showed that for a certain choice of incompatible mea-
surements, the maximally entangled state exhibits KS paradox
without nonlocality [17]. Quantum discord was introduced
as a measure of quantum correlations which quantifies non-
classicality of separable states as well [18]. It is interesting
to study correlations arising from incompatible measurements
performed on the nonzero quantum discord states in the con-
text of GNST.
In this work, we introduce the measures, Bell discord and
Mermin discord, to characterize quantum correlations in the
framework of GNST. We restrict to the NS polytope in which
the black boxes have two binary inputs and two binary out-
puts. We characterize only those NS boxes with two binary
inputs and two binary outputs. Bell and Mermin discord
are analogous to geometric measure of quantum discord [19];
just as quantum discord quantifies nonclassicality of separable
states, these two measures quantify nonclassicality of correla-
tions admitting LHV model as well, and they are geometric
measures in the NS polytope [20]. Bell discord is constructed
using Bell-CHSH operators [21], whereas Mermin discord is
constructed using Mermin operators [22], hence the names.
The extremal nonclassical correlations with respect to Bell
discord are the extremal nonlocal boxes (also known as PR-
boxes), whereas the extremal nonclassical correlations with
respect to Mermin discord are maximally local boxes which
we call Mermin boxes. We show that any quantum correla-
tions can be decomposed into PR-box, a Mermin box and a
purely classical box; Bell discord and Mermin discord quan-
tify the PR box and Mermin box components, respectively, in
this 3-decomposition. We show that the correlations arising
from quantum-correlated states which have nonzero left and
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2right quantum discord [19, 23] can have a 3-decomposition
for suitable choice of incompatible measurements.
The paper is organized as follows. In Sec. II, we dis-
cuss the motivations for defining nonclassicality for the Bell-
local correlations. In Sec. III, we review the geometry of
bipartite nonsignaling boxes. In Sec. IV, we define the mea-
sures of Bell discord and Mermin discord, and we find the 3-
decomposition fact of NS boxes. In sec. V, we analyze quan-
tum correlations in pure states, Werner states, mixture of max-
imally entangled state with classically correlated state, and
classical-quantum and quantum-classical states using these
measures. Conclusions are presented in Sec. VI.
II. PRELIMINARIES
Consider the Bell-CHSH scenario [21] in which two spa-
tially separated parties have access to subsystems of a bipar-
tite system and make two dichotomic measurements Ai and
B j on their respective subsystems which produces binary out-
comes am and bn; the correlation between the outcomes is
described by the conditional joint probability distributions,
P(am, bn|Ai, B j), which can be represented in matrix notation
as follows,

P(a0, b0|A0, B0) P(a0, b1|A0, B0) P(a1, b0|A0, B0) P(a1, b1|A0, B0)
P(a0, b0|A0, B1) P(a0, b1|A0, B1) P(a1, b0|A0, B1) P(a1, b1|A0, B1)
P(a0, b0|A1, B0) P(a0, b1|A1, B0) P(a1, b0|A1, B0) P(a1, b1|A1, B0)
P(a0, b0|A1, B1) P(a0, b1|A1, B1) P(a1, b0|A1, B1) P(a1, b1|A1, B1)
 . (1)
Suppose Alice and Bob generate P(am, bn|Ai, B j) by mak-
ing von Neumann measurements on an ensemble of bipartite
two-qubit systems described by the density matrix ρAB in the
Hilbert spaceH2A ⊗H2B. Quantum theory predicts the correla-
tion through the Born’s rule,
P(am, bn|Ai, B j) = Tr
(
ρABΠ
am
Ai
⊗ ΠbnB j
)
, (2)
where ΠamAi = 1/2{1 + amaˆi · ~σ} and ΠbnB j = 1/2{1 +
bnbˆ j · ~σ} are the projectors generating binary outcomes
am, bn ∈ {−1, 1}. Since quantum correlation arises from
the tensor product structure, by definition it is nonsignal-
ing; that is the marginal distribution of Alice is indepen-
dent of the measurement choice made by Bob and vice versa,
i.e., P(am|Ai) ≡ ∑n P(am, bn|Ai, B j) = Tr (ρABΠamAi ⊗ 1 ) and
P(bn|B j) ≡ ∑m P(am, bn|Ai, B j) = Tr (ρAB1 ⊗ ΠbnB j).
A nonsignaling box that achieves maximal Bell nonlocality
is known as PR-box [5]; for instance, the canonical PR-box
[4],
PPR =

1
2 0 0
1
2
1
2 0 0
1
2
1
2 0 0
1
2
0 12
1
2 0
 , (3)
maximally violates the Bell-CHSH inequality [21],
B := 〈A0B0〉 + 〈A0B1〉 + 〈A1B0〉 − 〈A1B1〉 ≤ 2, (4)
where 〈AiB j〉 = ∑mn ambnP(am, bn|Ai, B j). We now consider
isotropic PR-box [6] which is a mixture of the PR-box and
white noise,
P = pPPR + (1 − p)PN . (5)
Here
PN =

1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
 . (6)
The isotropic PR-box violates the Bell-CHSH inequality i.e.,
B = 4p > 2 if p > 12 . Notice that even if the isotropic PR-box
is local when p ≤ 12 , it has the single PR-box component if
p > 0. We call such a single PR-box in the decomposition of
any box (nonlocal, or not) irreducible PR-box.
The isotropic PR-box which is quantum physically realiz-
able if p ≤ 1√
2
[6] illustrates the following observation.
Observation 1. When local boxes arising from two-qubit en-
tangled states have an irreducible PR-box component, the
measurements that give rise to them are incompatible i.e.,
measurement observables on Alice’s and Bob’s sides are non-
commuting: [A0, A1] , 0 and [B0, B1] , 0.
Proof. Quantum correlation that achieves maximal Bell non-
locality is obtained by making suitable incompatible measure-
ments on a maximally entangled state; for instance, the Bell
state, |ψ+〉 = 1√
2
(|00〉+ |11〉), gives rise to the Tsirelson bound
i.e., B = 2√2 for the measurement observables: A0 = σx,
A1 = σy, B0 = 1√2 (σx − σy) and B1 = 1√2 (σx + σy). The NS
box that achieves the Tsirelson bound can be written in the
isotropic PR-box form with the irreducible PR-box content
p = 1√
2
(Tsirelson box):
P =
1√
2
PPR +
(
1 − 1√
2
)
PN . (7)
Since the irreducible PR-box component in this decomposi-
tion corresponds to maximal entanglement, it is natural to ask
3whether the isotropic PR-box in Eq. (5) can arise from non-
maximally entangled states when 0 < p < 1√
2
. Indeed, the
pure nonmaximally entangled states,
|ψ(θ)〉 = cos θ |00〉 + sin θ |11〉 , (8)
gives rise to the isotropic PR-box given in Eq. (5) with p =
sin 2θ√
2
for the measurements that gives rise to the Tsirelson box
in Eq. (7). 
The observation that local boxes which have an irreducible
PR-box component can arise from incompatible measure-
ments on entangled states motivates to define a notion of non-
classicality which we call Bell discord.
Definition 1. A correlation arising from incompatible mea-
surements performed on a given two-qubit state has Bell dis-
cord iff it admits a decomposition with an irreducible PR-box
component.
Bell discord is not equivalent to Bell nonlocality since local
boxes can also have an irreducible PR-box component; for
instance, the isotropic PR-box in Eq. (5) has Bell discord if
p > 0, whereas it has Bell nonlocality if p > 12 .
EPR-steering is a weaker form of quantum nonlocality in
which incompatible measurements on one subsystem of an en-
tangled state prepare different ensembles for the other subsys-
tem and is witnessed by the violation of an EPR-steering in-
equality [24]. For the incompatible measurements: A0 = σx,
A1 = σy, B0 = σx and B1 = σy, the Bell state, |ψ+〉, does
not give rise to Bell nonlocality, however, it gives rise to the
violation of the following EPR-steering inequality [25],
〈A0σx〉 − 〈A1σy〉 ≤
√
2. (9)
For this choice of measurements, the Bell state gives rise to
the following correlated local box,
PM =

1
2 0 0
1
2
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
0 12
1
2 0
 . (10)
Notice that the above box is maximally local in that it gives
the local bound of the Bell-CHSH inequality, i.e., B = 2.
Just as the PR-box exhibits logical contradiction with lo-
cal realism, the correlated box in Eq. (10) exhibits the log-
ical contradiction with realistic value assignment as follows:
The first and fourth rows in Eq. (10) imply that the outcomes
satisfy A0B0 = 1 and A1B1 = −1; if the outcomes are prede-
termined realistically, it should satisfy, A0B1A1B0 = −1, but
this contradicts the rows 2 and 3 because there is a nonzero
probability for A0B1 = A1B0 = 1 or A0B1 = A1B0 = −1. This
argument is inspired by the Peres’ version of KS paradox [16].
Notice that the following maximally local and correlated box,
PCC =

1
2 0 0
1
2
0 12
1
2 0
1
2 0 0
1
2
0 12
1
2 0
 , (11)
does not exhibit the above logical contradiction. We call a
maximally local and correlated box which exhibits the logical
contradiction with the realistic value assignment Mermin box.
For incompatible measurements that lead to the maximal
violation of the EPR-steering inequality in Eq. (9), the non-
maximally entangled states in Eq. (8) give rise to isotropic
Mermin box which is a convex mixture of the Mermin box in
Eq. (10) and white noise,
P = pPM + (1 − p)PN , (12)
with p = sin 2θ. Analogous to the isotropic PR-box, the
isotropic Mermin box arising from the pure entangled states,
|ψ(θ)〉, violates the EPR-steering inequality if sin 2θ > 1√
2
,
however, it has the irreducible Mermin box component when-
ever the state is entangled. The observation that the isotropic
Mermin box can arise from incompatible measurements on
the entangled states motivates to define a notion of nonclassi-
cality which we call Mermin discord.
Definition 2. A correlation arising from incompatible mea-
surements performed on a given two-qubit state has Mermin
discord iff it admits a decomposition with an irreducible Mer-
min box component.
We observe that the isotropic Mermin box can exhibit EPR-
steering only when the Mermin box component is larger than
a certain amount. Thus, analogous to the statement that Bell
discord and nonlocality are inequivalent, we have the obser-
vation that Mermin discord is not equivalent to EPR-steering.
The definitions 1 and 2 imply that an isotropic PR-box
which has Bell discord does not have Mermin discord, and
an isotropic Mermin box which has Mermin discord does not
have Bell discord. Thus, Bell discord and Mermin discord
are two different nonclassical features of quantum correlations
which go beyond nonlocality; the former originates from non-
locality, whereas the latter originates from EPR-steering.
Observation 2. Quantum correlations can have Bell and
Mermin discord simultaneously.
Proof. For the measurements: A0 = σx, A1 = σy, B0 =√
pσx −
√
1 − pσy & B1 =
√
1 − pσx + √pσy, where 12 ≤
p ≤ 1, the correlations arising from the Bell state, |ψ+〉, can be
decomposed into PR-box, the Mermin box and white noise,
P = µPPR + νPM + (1 − µ − ν)PN , (13)
where µ =
√
1 − p and ν = √p − √1 − p. These correlations
have the components of irreducible PR-box and Mermin-box
when 12 < p < 1. 
We call a decomposition of a quantum correlation that has
the fractions of PR-box and Mermin-box, and, a part that does
not have Bell and Mermin discord 3-decomposition, for in-
stance, the box arising from the maximally entangled state in
Eq. (13) has a 3-decomposition. The isotropic PR-box and
Mermin box given by the decompositions in Eqs. (5) and (12)
are special instances of the 3-decomposition in that in these
two decompositions one of the nonclassical terms is zero. We
will obtain a 3-decomposition of any NS box by using the ge-
ometry of the NS polytope with respect to the measures of
Bell discord and Mermin discord which we will define.
4III. POLYTOPE OF NONSIGNALING BOXES
Barrett et al. [5] have shown that the set of bipartite
nonsignaling boxes (N) with two-binary-inputs-two-binary-
outputs forms an 8 dimensional convex polytope with 24 ver-
tices. The vertices (or extremal boxes) of this polytope are 8
PR-boxes,
PαβγPR (am, bn|Ai, B j) =
{
1
2 , m ⊕ n = i · j ⊕ αi ⊕ β j ⊕ γ
0, otherwise (14)
and 16 deterministic boxes:
PαβγD (am, bn|Ai, B j) =

1, m = αi ⊕ β
n = γ j ⊕ 
0, otherwise.
(15)
Here α, β, γ,  ∈ {0, 1} and ⊕ denotes addition modulo 2. Any
NS correlation can be written as a convex sum of the 24 ex-
tremal boxes:
P(am, bn|Ai, B j) =
7∑
k=0
pkPkPR +
15∑
l=0
qlPlD;
∑
k
pk +
∑
l
ql = 1,
(16)
here k = αβγ and l = αβγ. All the deterministic boxes can
be written as the product of marginals corresponding to Alice
and Bob, PD(am, bn|Ai, B j) = PD(am|Ai)PD(bn|B j), whereas
the 8 PR-boxes cannot be written in product form. Note that
unlike the deterministic boxes, the marginals of the PR boxes
are maximally mixed: i.e., P(am|Ai) = 12 = P(bn|B j) for all
i, j,m, n. The extremal boxes in a given class are related to
each other through local reversible operations (LRO). LRO
simply relabel the inputs and outputs such that the class of the
vertices remain invariant: Alice changing her input i→ i ⊕ 1,
and changing her output conditioned on the input: m → m ⊕
αi⊕β. Bob can perform similar operations. Thus, the extremal
boxes in a given class are equivalent under LRO.
Bell polytope (L), which is a subpolytope ofN , is a convex
hull of the 16 deterministic boxes: if P(am, bn|Ai, B j) ∈ L,
P(am, bn|Ai, B j) =
15∑
l=0
qlPlD;
∑
l
ql = 1. (17)
Fine [26] showed that a correlation can be simulated by the
local hidden variable model in Eq. (17) iff the correlation sat-
isfies the complete set of Bell-CHSH inequalities [27]:
Bαβγ := (−1)γ 〈A0B0〉 + (−1)β⊕γ 〈A0B1〉
+ (−1)α⊕γ 〈A1B0〉 + (−1)α⊕β⊕γ⊕1 〈A1B1〉 ≤ 2, (18)
which are the nontrivial facets of the Bell polytope. All non-
local correlations lie outside the Bell polytope and violate a
Bell-CHSH inequality.
IV. THE TWO MEASURES AND 3-DECOMPOSITION OF
NS BOXES
A. Bell discord
The observation that each Bell-CHSH inequality is violated
to the algebraic maximum by only one PR-box and a nonlocal
FIG. 1. A three-dimensional representation of the NS polytope with
two binary inputs and two binary outputs is shown here. The octag-
onal cylinder represents the local polytope. The lines connecting the
deterministic boxes represented by red points define one of the facet
for the local polytope; the PR-box which violates the Bell-CHSH in-
equality corresponding to this facet is represented by triangle point
on the top of the NS polytope. The region below the curved surface
contains quantum correlations and the point on this curved surface is
the Tsirelson box. The star and square points on the facet of the local
polytope represent maximally and nonmaximally mixed marginals
Mermin boxes, respectively. The triangular region (shown by dotted
lines) which is a convex hull of the PR-box, the Mermin box and
white noise represents the 3-decomposition fact that any point which
lies inside the triangle can be decomposed into PR-box, the Mermin-
box and white noise. The line connecting the PR-box and white noise
represents the isotropic PR-box and the line connecting the Mermin
box and white noise represents the isotropic Mermin box.
correlation cannot violate more than a Bell-CHSH inequality
suggests the trade-off between the Bell functions,
Bαβ := | 〈A0B0〉 + (−1)β 〈A0B1〉 + (−1)α 〈A1B0〉
+(−1)α⊕β⊕1 〈A1B1〉 |. (19)
Observation 3. For any given nonsignaling box,
P(am, bn|Ai, B j), the Bell functions in Eq. (19) satisfy
the monogamy relationship,
B00 + B j ≤ 4, ∀ j = 01, 10, 11. (20)
Proof. SinceBαβ ≤ 2 for all the local boxes, the trade-off rela-
tions in Eq. (20) are satisfied by any box in the Bell polytope.
It is obvious that all the eight PR-boxes satisfy the trade-off
since for any PR-box only one of the Bell functions attains
the value 4 and the rest of them are zero. Geometrically, any
box in the nonlocal region (see fig. 1) lies on a line joining
a PR-box and a Bell-local box which lies on the facet of the
local polytope, i.e., any nonlocal box can be decomposed as
5follows,
PNL = pP
αβγ
PR + (1 − p)PL, (21)
where PL gives the local bound of a Bell-CHSH inequality.
Now we consider the nonlocal boxes which maximize the left-
hand side of the trade-off in Eq. (20); for instance, any convex
mixture of the PR-box and the deterministic box, P = pP000PR +
(1 − p)P0000D , gives B00 + B j = 4, ∀ j = 01, 10, 11. 
The Bell function monogamy given in Eq. (20) refers to the
monogamy of a given correlation with respect to the different
Bell-CHSH inequalities, whereas the conventional monogamy
refers to the monogamy of a given Bell-type inequality with
respect to the different marginal correlations of a given multi-
partite correlation [28].
We observe that the Bell function monogamy of a PR-box
does not vanish for local boxes also if they have an irreducible
PR-box component, for instance, any isotropic PR-box,
P = pPαβγPR + (1 − p)PN , (22)
has a special property that only one of the Bell functions is
nonzero which is due to the irreducible PR-box, PαβγPR , in the
decomposition. Thus, this property quantifies Bell discord of
the isotropic PR-boxes.
We exploit the Bell function monogamy of the extremal
boxes to define the measure of Bell discord which quantifies
the irreducible PR-box component in any box. Before defin-
ing Bell discord we construct the following quantities,
G1 :=
∣∣∣∣|B00 − B01| − |B10 − B11|∣∣∣∣
G2 :=
∣∣∣∣|B00 − B10| − |B01 − B11|∣∣∣∣ (23)
G3 :=
∣∣∣∣|B00 − B11| − |B01 − B10|∣∣∣∣.
Here Gi are constructed such that it satisfies the following
properties: (i) positivity i.e., Gi ≥ 0, (ii) Gi = 0 for all the
deterministic boxes and (iii) the algebraic maximum of Gi is
achieved by the PR-boxes i.e., Gi = 4 for any PR-box.
Definition 3. Bell discord, G, is defined as,
G := min
i
Gi. (24)
Here 0 ≤ G ≤ 4.
Bell discord is clearly invariant under LRO and interchange
of the subsystems since the set {Gi, i = 1, 2, 3} is invariant
under these two transformations. Therefore, a G > 0 box
cannot be transformed into a G = 0 box by LRO and vice
versa. Before characterizing the G > 0 boxes we make the
following two observations.
Observation 4. The set of local boxes that have G = 0 forms
a subset of the set of all local boxes and is nonconvex.
Proof. The set of G = 0 boxes is nonconvex since certain
convex combination of the G = 0 boxes can have G > 0; for
instance, the boxes in Eq. (22) can be written as a convex
FIG. 2. A two-dimensional representation of the NS polytope is
shown here. Square represents the local polytope whose vertices de-
noted by square points represent the deterministic boxes. The circu-
lar points which lie above the local polytope represent the PR-boxes.
The points which lie on the lines connecting the center of the NS
polytope (white noise) and the square points forms G = 0 nonconvex
polytope. Any point that goes outside the G = 0 region lies on a line
joining a PR-box and a G = 0 box; for instance, any point that lies on
the dotted line can be written as a convex mixture of a PR-box and
white noise.
combination of the deterministic boxes when p ≤ 12 , however,
it has Bell discord G = 4p > 0 if p > 0. As the extremal
boxes of the Bell polytope have G = 0 and the Bell polytope
contains G > 0 boxes, the set of G = 0 boxes form a subset of
the local boxes. 
Observation 5. The unequal mixture of any two PR-boxes:
pPiPR + qP
j
PR, here p > q, can be written as the mixture of an
irreducible PR-box and a Bell-local box.
Proof. pPiPR + qP
j
PR = (p − q)PiPR + 2qPi jl . Here Pi jl =
1
2 (P
i
PR + P
j
PR) is a Bell-local box since uniform mixture of
any two PR-boxes does not violate a Bell-CHSH inequality.
Notice that the second PR-box, P jPR, in the unequal mixture
is not irreducible as it can vanish with the first PR-box in the
other possible decomposition by the uniform mixture. 
Observation 6. G calculates the irreducible PR-box compo-
nent in the mixture of the 8 PR-boxes:
∑7
k=0 pkP
k
PR given in
Eq. (16).
Proof. Notice that Pk+1PR is the anti-PR-box to P
k
PR with k =
0, 2, 4, 6 since uniform mixture of these two PR-boxes gives
white noise [29]. The evaluation of G1 for the mixture of the
8 PR-boxes gives,
G1
∑
k
pkPkPR
 = 4|∣∣∣∣|p0− p1|− |p2− p3|∣∣∣∣− ∣∣∣∣|p4− p5|− |p6− p7|∣∣∣∣|.
(25)
The observation 5 implies that the terms |pk − pk+1| in this
equation give the irreducible PR-box component in the mix-
ture of the two PR-boxes whose equal mixture gives white
6noise. Thus, mini Gi
(∑
k pkPkPR
)
gives the irreducible PR-box
component in the mixture of the 4 reduced components of the
PR-boxes that does not contain any anti-PR-box. 
Observation 7. Any NS box can be decomposed in a convex
mixture of a nonlocal box and a local box with G = 0,
P = ηPNL + (1 − η)PG=0L . (26)
Proof. Since the set of NS boxes is convex and the Bell poly-
tope is contained inside the full NS polytope, any NS box lies
on a line joining a nonlocal box and a local box. Suppose the
local box in the canonical decomposition given in Eq. (26) has
G > 0, then it cannot, in general, represent the G = 0 boxes.
Thus, the division of the Bell polytope into a G > 0 region
and G = 0 region allows us to write any NS box as a convex
mixture of a nonlocal box and a local box with G = 0. 
We obtain the following canonical decomposition of the NS
boxes.
Result 1. Any NS box can be decomposed into PR-box and
a local box that does not have an irreducible PR-box compo-
nent,
P = µPαβγPR + (1 − µ) PG=0L , (27)
where µ is the irreducible PR-box component and PG=0L is the
local box which has G = 0.
Proof. We write any NS box given by the decomposition in
Eq. (16) as a convex combination of the 8 PR-boxes and a
restricted local box that cannot be written as a convex sum of
the PR-boxes and the deterministic boxes:
P =
7∑
k=0
gkPkPR +
1 − 7∑
k=0
gk
 PL; k = αβγ, (28)
where PL ,
∑
k rkPkPR +
∑
l slPlD, i.e., PL cannot have nonzero
rk overall possible decompositions. We are now interested in
reducing the combination of the 8 PR-boxes in Eq. (28) into
an irreducible PR-box and a local box by using the procedure
given in observation 5. It follows from the observation 6 that
we should first reduce the mixture of the 8 PR-boxes in Eq.
(28) into the mixture of the 4 PR-boxes which does not contain
any anti-PR-box, and white noise. Then, we further reduce it
to the mixture of an irreducible PR-box and the local boxes
which are the uniform mixture of the two PR-boxes:
7∑
k=0
gkPkPR = µP
αβγ
PR +
3∑
l=1
plPlL + pN PN . (29)
Here µ is obtained by minimizing the PR-box component over
all possible decompositions i.e., µ > 0 iff
∑7
k=0 gkP
k
PR ,∑3
l=1 qlP
l
L + pN PN (see Appendix. A for illustration). Here
PlL are the maximally-local boxes since the uniform mixture
of any two PR-boxes from the set of the four PR-boxes that
does not contain any anti-PR-box gives the local bound of a
Bell-CHSH inequality. Now substituting Eq. (29) in Eq. (28),
we get the following decomposition of any NS box,
P = µPαβγPR + (1 − µ)PL. (30)
Here PL = 11−µ
{∑3
l=1 plP
l
L + pN PN +
(
1 −∑k gk) PL}. This lo-
cal cannot have an irreducible PR-box component since µ is
the maximal irreducible PR-box component. Further, it fol-
lows from the observation 7 that the local box in Eq. (30)
must have G = 0. 
We now show that a box has nonzero Bell discord iff it ad-
mits a decomposition that has an irreducible PR-box compo-
nent. For any box given by the decomposition in Eq. (27),
G is linear (see Appendix B for illustration) i.e., G(P) =
µG
(
PαβγPR
)
+ (1 − µ)G
(
PG=0L
)
which implies G(P) = 4µ > 0
iff µ > 0. Thus, if a box has nonzero Bell discord, it lies on a
line joining a PR-box and a local box that does not have an ir-
reducible PR-box component. The violation of a Bell-CHSH
inequality is only a sufficient condition for nonzero Bell dis-
cord which can be illustrated by evaluating the Bell-CHSH
operator B000 for the box given by the decomposition in Eq.
(27) with αβγ = 000 and l = B000
(
PG=0L
)
> 0. This box vio-
lates the Bell-CHSH inequality, i.e., B000 = 4µ + l(1 − µ) > 2
iff µ > 2−l4−l . Suppose l = 0, the box violates the Bell-CHSH
inequality if µ > 12 , whereas it has nonzero Bell discord if
µ > 0.
We say that the decomposition of the NS boxes given in
Eq. (27) is canonical in that it represents the classification of
any NS box according to whether it has Bell discord or not,
which is more general than the classification of NS boxes into
nonlocal and local boxes. In Sec. II, we observed that local
boxes which do not have Bell discord can have Mermin dis-
cord due to the irreducible Mermin box component which in
turn implies that the canonical description of NS boxes given
in Eq. (27) is not the most general as the G = 0 box in this
decomposition can have Mermin discord.
B. Mermin boxes
Before we define a measure of Mermin discord we intro-
duce all the Mermin boxes which lie on the Bell polytope. We
consider the following maximally-local box,
PnmM =

1 0 0 0
1
2
1
2 0 0
1
2 0
1
2 0
0 12
1
2 0
 . (31)
This box also exhibits the logical contradiction with realistic
value assignment shown by the Mermin box in Eq. (10). No-
tice that these two Mermin boxes differ by their marginals; the
one in Eq. (10) has maximally mixed marginals, whereas the
Mermin box in Eq. (31) has nonmaximally mixed marginals.
Thus, the Bell polytope admits two types of Mermin boxes
which can be distinguished by their marginals. The following
732 Mermin boxes:
PαβγM =
1
2
(δim⊕i⊕αδ
j
n⊕ j⊕β + δ
i
m⊕γδ
j
n⊕),
PαβγM′ =
1
2
(δim⊕i⊕αδ
j
n⊕β + δ
i
m⊕γδ
j
n⊕ j⊕), (32)
which are equal the mixture of two deterministic boxes, can
be obtained from the Mermin box in Eq. (31) by LRO. The
following 8 Mermin boxes:
PαβγM (am, bn|Ai, B j) =

1
4 , i ⊕ j = 0
1
2 , m ⊕ n = i · j ⊕ αi ⊕ β j ⊕ γ
0, otherwise,
here αβγ = 00γ, 10γ, and, for αβγ = 01γ, 11γ,
PαβγM (am, bn|Ai, B j) =

1
4 , i ⊕ j = 1
1
2 , m ⊕ n = i · j ⊕ αi ⊕ β j ⊕ γ
0, otherwise,
(33)
which are the equal mixture of four deterministic boxes, can
be obtained from the Mermin box in Eq. (10) by LRO. As all
the Mermin boxes are maximally-local, they lie on the facet
of the Bell polytope (see fig. 1).
Similar to PR-boxes which are locally equivalent and max-
imally nonlocal, the Mermin boxes with maximally mixed
marginals are locally equivalent and maximally nonclassical.
The following analogy with PR-box would help us to under-
stand how the Mermin box is nonclassical despite being non-
contextual and nonextremal with respect to the NS polytope:
A PR-box is not extremal with respect to the signaling poly-
tope since it can be decomposed into the uniform mixture
of two nonlocal deterministic boxes [30]; for instance, the
canonical PR-box, P000PR , can be written as the uniform mix-
ture of two signaling deterministic boxes which violate the
same Bell-CHSH inequality to the algebraic maximum,
P000PR =
1
2
(
δ0mδ
i· j
n + δ
1
mδ
i· j
n
)
. (34)
Thus, signaling is disappeared by the uniform mixture, how-
ever, nonlocality of the two signaling boxes does not disappear
as the uniform mixture again maximally violates the Bell-
CHSH inequality. Similarly, the Mermin boxes with maxi-
mally mixed marginals admit a decomposition into the uni-
form mixture of two PR-boxes. A uniform mixture of two
PR-boxes can also give rise to white noise, but a Mermin box
is a special kind of maximally-local box that has nonclassical-
ity while nonlocality is disappeared by the uniform mixture.
For instance, the Mermin box in Eq. (10) can be decomposed
as follows,
PM =
1
2
(
P000PR + P
110
PR
)
. (35)
Notice that the correlated box in Eq. (11) cannot be decom-
posed into the uniform mixture of two PR-boxes.
Since all the Mermin boxes have G = 0, any G = 0 box
in the Bell polytope can be written as a convex mixture of
the Mermin boxes and the deterministic boxes. We will use
this observation to obtain the 3-decomposition fact from the
canonical decomposition given in Eq. (27).
C. Mermin discord
We consider the Mermin inequalities:
Mαβγ := (α ⊕ β ⊕ 1){(−1)β 〈A0B1〉+(−1)α 〈A1B0〉}
+(α ⊕ β){(−1)γ 〈A0B0〉 + (−1)α⊕β⊕γ⊕1 〈A1B1〉}
≤ 2 for αβγ = 00γ, 01γ;
Mαβγ := (α ⊕ β){(−1)β 〈A0B1〉+(−1)α 〈A1B0〉}
+(α ⊕ β ⊕ 1){(−1)γ 〈A0B0〉 + (−1)α⊕β⊕γ⊕1 〈A1B1〉}
≤ 2 for αβγ = 10γ, 11γ, (36)
The multipartite generalization ofMαβγ generate the Mermin
inequalities [22, 31], hence the name. Just as the complete
set of Bell-CHSH inequalities, the set of these inequalities is
invariant under LRO and thus it forms a complete set [27].
The complete set of bipartite Mermin inequalities do not dis-
tinguish between local and nonlocal correlations since the al-
gebraic maximum of any Mermin function,Mαβγ, is 2 which
is the same as the bound given in Eq. (36). However, magni-
tude of the modulus of the Mermin functions,Mαβ := |Mαβγ|,
serve to construct Mermin discord which distinguishes Mer-
min boxes from the other boxes.
We observe that for any Mermin box, only one of the Mer-
min functions, Mαβ, attains 2 and the rest of them are zero,
whereas for the deterministic boxes and the PR-boxes, two of
the Mermin functions attains 2 and the other two are zero. We
exploit this property of the extremal boxes with respect to the
complete set of Mermin functions {Mαβ} to define Mermin
discord.
Definition 4. Mermin discord, Q, is defined as,
Q := min
j
Q j, (37)
where, Q1 =
∣∣∣∣|M00 −M01| − |M10 −M11|∣∣∣∣, and Q2 and Q3 are
obtained by permutingMαβ in Q1. Here 0 ≤ Q ≤ 2.
Mermin discord is constructed such that all the PR-boxes
and the deterministic boxes have Q = 0, and, the algebraic
maximum of Q is achieved by the Mermin boxes i.e., Q =
2 for any Mermin box. Mermin discord is clearly invariant
under LRO and permutation of the parties as the set {Q j} is
invariant under these two transformations.
We obtain the following observations from the Mermin dis-
cord defined in 4.
Observation 8. The set of Q = 0 boxes forms a nonconvex
subset of the set of all NS boxes.
Proof. The set of Q = 0 boxes is nonconvex since certain
convex mixture of the Q = 0 boxes can have Q > 0. Since
the PR-boxes and the deterministic boxes have Q = 0, the
set of Q = 0 boxes forms a nonconvex region in the full NS
polytope. 
Observation 9. Q divides the G = 0 region into a Q > 0
region and G = Q = 0 nonconvex region.
8Proof. Since all the deterministic boxes have G = Q = 0 and
the certain convex combination of the deterministic boxes can
give rise to a Q > 0 box, the set of G = Q = 0 boxes forms a
nonconvex subregion of the G = 0 region. 
Observation 10. A maximally-local box that has Q = 2
is, in general, a convex combination of a maximally mixed
marginals Mermin box and the four nonmaximally mixed
marginals Mermin boxes which are equivalent with respect
to 〈AiB j〉,
PαβγQ=2 =
4∑
i=1
pMi P
nm
Mi + pMP
αβγ
M , (38)
where PnmMi are the four nonmaximally mixed marginals Mer-
min boxes which all have the same values for 〈AiB j〉 and
PαβγM =
1
4
∑4
i=1 P
nm
Mi
is one of the eight maximally mixed
marginals Mermin boxes.
Proof. Notice that the two Mermin boxes in Eqs. (10) and
(31) have the the same property with respect to 〈AiB j〉 i.e.,
they have 〈A0B0〉 = − 〈A1B1〉 = 1 and 〈A0B1〉 = 〈A1B0〉 = 0
which implies that any convex mixture of these two Mermin
boxes again have Q = 2. There are four nonmaximally mixed
marginals Mermin boxes which are equivalent with respect to
〈AiB j〉 corresponding to a given maximally mixed marginals
Mermin box. Thus, any convex mixture of these five Mermin
boxes is again a Q = 2 box. It can be checked that equal
mixture of the four nonmaximally mixed marginals Mermin
boxes which are equivalent with respect to 〈AiB j〉 gives the
maximally mixed marginals Mermin box. 
Observation 11. The unequal mixture of any two Mermin
boxes which differ by 〈AiB j〉: pP1M + qP2M; p > q, can be
written as a convex mixture of an irreducible Mermin box and
a Q = 0 box.
Proof. pP1M + qP
2
M = (p − q)P1M + 2qPQ=0. Here PQ=0 =
1
2 (P
1
M + P
2
M) is a Q = 0 box since it is the uniform mixture of
the two Mermin boxes which differ by 〈AiB j〉. 
We now obtain the following 3-decomposition from these
observations and the result 1.
Result 2. Any NS box can be written as a convex mixture of
a PR-box, a maximally-local box with Q = 2 and a local box
with G = Q = 0,
P = µPαβγPR + νP
αβγ
Q=2 + (1 − µ − ν)PG=0Q=0. (39)
Proof. The G = 0 box in the canonical decomposition in Eq.
(30) is given by,
PG=0L =
1
1 − µ
 3∑
l=1
plPlL + pN PN +
1 −∑
k
gk
 PL
 . (40)
Notice that the first term can have maximally mixed marginals
Mermin boxes since it has maximally-local boxes which are
uniform mixture of two PR-boxes and the last term can have
nonmaximally mixed marginals Mermin boxes. Suppose the
G = 0 box in Eq. (40) has Mermin box components, it follows
from the observations (9)-(11) that it can be decomposed into
an irreducible maximally-local box that has Q = 2 and a G =
Q = 0 box,
PG=0L = qMP
αβγ
Q=2 + (1 − qM)PG=0Q=0. (41)
Here qM is the maximal irreducible component of the box with
Q = 2 and PG=0Q=0 is a local box with G = Q = 0. Substituting
Eq. (41) in Eq. (27), we get the following canonical decom-
position for any NS box,
P = µPαβγPR + νP
αβγ
Q=2 + (1 − µ − ν)PG=0Q=0, (42)
where ν = (1 − µ) qM . In this decomposition, the box in the
third term must have G = Q = 0. Otherwise, it would lead
to the contradiction that if it had Q > 0 or G > 0, then the
decomposition would not represent the boxes in the G = Q =
0 region. 
The 3-decomposition fact given in Eq. (39) implies that any
NS box can also be written in the following canonical form,
P = νPαβγQ=2 + (1 − ν)PG≥0Q=0, (43)
where PG≥0Q=0 =
1
1−ν
{
µPαβγPR + (1 − ν − µ)PG=0Q=0
}
is a Q = 0 box
since PG=0Q=0 cannot have an irreducible PR-box component.
From the linearity of Q with respect to the decomposition
given in Eq. (43), it follows that Q(P) = νQ
(
PαβγQ=2
)
+ (1 −
ν)Q (PQ=0) = 2ν. Thus, any NS box that has Q > 0 lies on
a line segment joining a maximally-local box that has Q = 2
and a Q = 0 box.
D. Monogamy between the measures
The probability constraint µ+ ν ≤ 1 in the 3-decomposition
of any NS box given in Eq. (39) implies a trade-off between
Bell and Mermin discord as follows,
G + 2Q ≤ 4. (44)
This trade-off relation reveals monogamy between the two
types of nonclassicality of quantum correlations which we il-
lustrate with the observations given for quantum correlations
in Sec. II. For the incompatible measurements that gives rise
to EPR-steering, the maximally entangled state does not give
rise to Bell discord since Q = 2 implies G = 0. Due to
this monogamous property, the correlation arising from the
nonmaximally entangled states in Eq. (8) has only Mermin
discord i.e., Q = 2 sin 2θ and G = 0 for the incompatible
measurements that gives rise to the KS paradox. Similarly,
we observe that the correlations arising from the nonmaxi-
mally entangled states, |ψ(θ)〉, gives rise to only Bell discord
i.e., G = 2√2 sin 2θ and Q = 0 for the measurements that
gives rise to the Tsirelson box. For general incompatible mea-
surements, quantum correlations can have Bell discord and
Mermin discord simultaneously, however, a trade-off exists
9between Bell and Mermin discord as given in Eq. (44); for in-
stance, the correlations arising from the Bell state in Eq. (13)
have Bell discord and Mermin discord simultaneously with-
out violating the trade-off relation between them since these
correlations have G + Q = 4√p ≤ 4. The monogamy relation
obtained here is analogous to the monogamy relation between
local contextuality and nonlocality derived by Kurzyn´ski et al.
[32] under the no-disturbance principle as both the relations
reveal monogamy between two different types of nonclassi-
cality.
V. QUANTUM CORRELATIONS
We will analyze nonclassicality of quantum correlations
arising from local projective measurements on the two-qubit
systems along the directions aˆi and bˆ j on the respective qubits.
The joint state of two-qubit system is given by the density op-
erator ρAB in the complex vector spaceL(H2A ⊗H2B), which in
the Bloch representation can be expressed as follows:
ρAB =
1
4
1 ⊗ 1 +∑
i
riσ j ⊗ 1 +
∑
i
si1 ⊗ σi+
∑
i j
Ti jσi ⊗ σ j
 ,
(45)
where ~σi, i ∈ 1, 2, 3, are the Pauli matrices, where ri =
Tr(ρABσi ⊗ 1 ) and si = Tr(ρAB1 ⊗ σi) are the local Bloch
vectors, and Ti j = Tr(ρABσi ⊗ σ j) is the correlation tensor.
The set of separable states forms a convex subset of the set
of all states. It is known that the set of zero quantum discord
states is nonconvex [33, 34]. Similarly, as we show, the set of
G = Q = 0 boxes is nonconvex. Indeed, we show that any
nonzero quantum discord state which is neither a classical-
quantum state nor a quantum-classical state can give rise to
nonzero Bell discord or/and Mermin discord for suitable in-
compatible measurements.
We will apply Bell discord and Mermin discord to quantify
nonclassicality of correlations arising from the pure entangled
states and the Werner states. For these states, a nonzero Bell
discord originates from incompatible measurements which
give rise to Bell nonlocality. Similarly, a nonzero Mermin dis-
cord originates from incompatible measurements which give
rise to EPR-steering. We will apply these measures to vari-
ous states in order to illustrate the new insights that may be
obtained regarding the origin of nonclassicality.
A. Maximally entangled state
We study 3-decomposition of the correlations arising from
the maximally entangled state. For the measurement settings:
~a0 = xˆ, ~a1 = yˆ, ~b0 =
√
pxˆ−√1 − pyˆ and ~b1 = √1 − pxˆ+√pyˆ,
where 12 ≤ p ≤ 1, the correlations arising from the Bell state,|ψ+〉, can be decomposed into PR-box, a Mermin box which
is an uniform mixture of two PR-boxes and white noise as
follows,
P = µP000PR + ν
P000PR + P110PR2
 + (1 − µ − ν)PN , (46)
where µ =
√
1 − p and ν = √p − √1 − p. These cor-
relations have Bell discord and Mermin discord simultane-
ously when 12 < p < 1: G = 4
√
1 − p > 0 if p , 1 and
Q = 2(√p − √1 − p) > 0 if p , 12 . When the Bell state gives
rise to a 3-decomposition, the correlation nonmaximally vi-
olates a Bell-CHSH inequality and an EPR-steering inequal-
ity simultaneously: The correlations in Eq. (46) violate the
Bell-CHSH inequality i.e., B000 = 2
(√
p +
√
1 − p
)
> 2 if
p , 1 and the EPR-steering inequality in Eq. (9) if p , 12 .
When the settings becomes optimal for the violation of the
Bell-CHSH inequality which happens at p = 12 , the correla-
tion has G = 2√2 and Q = 0. When the settings becomes
optimal for the violation of the EPR-steering inequality which
happens at p = 1, the correlation has Q = 2 and G = 0.
B. Pure nonmaximally entangled states
We study the correlations arising from the Schmidt states:
ρS =
1
4
(
1 ⊗1 +c(σz⊗1 +1 ⊗σz)+s(σx⊗σx−σy⊗σy)+σz⊗σz
)
,
(47)
where c = cos 2θ, s = sin 2θ and 0 ≤ θ ≤ pi4 . These pure states
have Schmidt decomposition [35, 36] as given in Eq. (8),
hence the name. Entanglement of the Schmidt states can be
quantified by the tangle, τ = s2 [37]. The nonmaximally en-
tangled Schmidt states can give rise to (i) a maximally mixed
marginals box when measurements performed lie in the xy-
plane or (ii) a nonmaximally mixed marginals box when mea-
surements performed lie in the xz-plane.
1. Bell-Schmidt box
The Bell-Schmidt boxes are the correlations arising from
the Schmidt states which have only nonzero Bell discord.
(i) For the measurement settings: ~a0 = xˆ, ~a1 = yˆ, ~b0 =
1√
2
(xˆ − yˆ) and ~b1 = 1√2 (xˆ + yˆ), the Schmidt states give to the
noisy PR-box which is a mixture of a PR-box and white noise
as follows:
P =
s√
2
PPR +
(
1 − s√
2
)
PN , (48)
These correlations violate the Bell-CHSH inequality i.e.,
B000 = 2
√
2τ > 2 if τ > 12 and have Bell discord G = 2
√
2τ >
0 if τ > 0. Notice that the irreducible PR-box component in
the local correlations in Eq. (48) is due to the incompatible
measurements that gives rise to nonlocality. Thus, Bell dis-
cord of these local correlations reveals nonclassicality of the
nonmaximally entangled states originating from nonlocality.
(ii) Popescu and Rohrlich showed that all the pure entan-
gled states in Eq. (47) give rise to Bell nonlocality for the
settings [11]: ~a0 = zˆ, ~a1 = xˆ, ~b0 = cos tzˆ + sin txˆ and
~b1 = cos tzˆ − sin txˆ, where cos t = 1√1+s2 as the correlations
violate the Bell-CHSH inequality i.e., B000 = 2
√
1 + τ > 2 if
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FIG. 3. Dashed line shows the plots of the Bell-CHSH inequality
violation and Bell discord for the JPD given in Eq. (48). Solid and
dotted lines show the plots of the Bell-CHSH inequality violation and
Bell discord respectively for the JPD given in Eq. (49). We observe
that the JPD in Eq. (49) gives optimal violation of the Bell-CHSH
inequality, however, it does not give optimal Bell discord as the JPD
in Eq. (48) has more Bell discord than this JPD.
τ > 0 for this settings. These correlations can be decomposed
into PR-box and a local box which has G = 0 and nonmaxi-
mally mixed marginals,
P = s2
[
1√
1 + s2
PPR +
(
1 − 1√
1 + s2
)
PN
]
+
(
1 − s2
)
PG=0L (ρ). (49)
Here PG=0L (ρ) is a distribution arising from the product state
1,
ρ = ρA ⊗ ρB, (50)
where
ρA = ρB =
1
2
[
1 +
c
1 − s2
]
|0〉 〈0| + 1
2
[
1 − c
1 − s2
]
|1〉〈1|,
for the chosen measurements. The correlations in Eq. (49)
have Bell discord G = 4τ√
1+τ
> 0 if τ > 0.
Notice that the correlations in Eq. (49) have less irreducible
PR-box component than the correlations in Eq. (48) for a
given amount of entanglement quantified by the tangle (see
fig. 3). Thus, when the pure nonmaximally entangled states
give rise to optimal violation of the Bell-CHSH inequality, the
correlations do not have optimal Bell discord and has nonmax-
imally mixed marginals.
2. Mermin-Schmidt box
Mermin-Schmidt boxes are the local correlations arising
from the Schmidt states which have only Mermin discord.
1 PG=0L (ρ) is not a valid JPD as the state ρ is not a physical state.
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.5
1.0
1.5
2.0
Tangle
EP
R
-
st
ee
rin
g
M
er
m
in
di
sc
or
d
FIG. 4. Dashed line shows the plots of the EPR-steering violation and
Mermin discord for the JPD given in Eq. (52). Solid and dotted lines
show the plots of the EPR-steering violation and Mermin discord
respectively for the JPD given in Eq. (53). We observe that the JPD
in Eq. (53) has less Mermin discord than the JPD in Eq. (52) despite
the fact that the former gives rise to optimal violation of the EPR-
steering inequality.
The local correlations which violate an EPR-steering inequal-
ity are the subset of the local correlations which have Mermin
discord. The following Mermin inequalities,
Mαβγ ≤
√
2, (51)
where Mαβγ are the Mermin operators given in Eq. (36),
forms the complete set of EPR-steering inequalities if the
measurement operators on Alice’s or Bob’s side are anti-
commuting qubit observables [24]; suppose B0 = σx and
B1 = σy, then these inequalities can be obtained from the
EPR-steering inequality in Eq. (9) by LRO.
(i) For the settings ~a0 = xˆ, ~a1 = −yˆ, ~b0 = yˆ and ~b1 = xˆ, the
Schmidt states give rise to the noisy Mermin-box which is a
mixture of a Mermin box and white noise as follows:
P = s
P000PR + P111PR2
 + (1 − s)PN . (52)
These correlations violate the EPR-steering inequality i.e.,
M000 = 2√τ >
√
2 if τ > 12 and have Mermin discord
Q = 2√τ > 0 if τ > 0. Notice that the irreducible Mer-
min box component in the local correlations in Eq. (52) is
due to the incompatible measurements that gives rise to EPR-
steering. Thus, Mermin discord of these local correlations re-
veals nonclassicality of the entangled states originating from
EPR-steering
(ii) All the pure entangled states violate the EPR-steering
inequality for the settings, ~a0 = 1√2 (zˆ + xˆ), ~a1 =
1√
2
(zˆ − xˆ),
~b0 = cos tzˆ−sin txˆ, and ~b1 = cos tzˆ+sin txˆ, where cos t = 1√1+s2
since the Schmidt states give rise toM000 =
√
2
√
1 + τ >
√
2
if τ > 0 for this settings. The correlations can be decomposed
into Mermin box and a local box which has Q = 0 and non-
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FIG. 5. Bell and Mermin discord of the JPD given in Eq. (54) are
shown by dotted and solid lines respectively.
maximally mixed marginals,
P = s2
 √2√
1 + s2
P000PR + P111PR2
 + 1 − √2√
1 + s2
 PN
+
(
1 − s2
)
PQ=0(ρ), (53)
where PQ=0(ρ) is a distribution arising from the state in Eq.
(50). The correlations in Eq. (53) have Mermin discord Q =
2
√
2τ√
1+τ
> 0 if τ > 0.
Similar to the Bell-Schmidt boxes in Eqs. (48) and (49),
the correlations in Eq. (52) have more irreducible Mermin
box component than the correlations in Eq. (53) for a given
amount of entanglement (see fig. 4). Thus, when the Schmidt
states give rise to optimal violation of an EPR-steering in-
equality, the correlations do not have optimal Mermin discord
and have nonmaximally mixed marginals.
3. Bell-Mermin-Schmidt box
Bell-Mermin-Schmidt boxes are the correlations arising
from the Schmidt states which have nonzero Bell and Mermin
discord simultaneously.
(i) We define the settings: ~a0 = sxˆ + cyˆ, ~a1 = cxˆ − syˆ,
~b0 = 1√2 (xˆ + yˆ) and
~b1 = 1√2 (xˆ − yˆ). For this settings, the
correlations have a 3-decomposition as follows,
P = (1 − |q| − |g|) PN + |q|
P000PR + P11γPR2

+ |g|
[
1√
2
P000PR +
(
1 − 1√
2
)
PN
]
, (54)
where q = |c−s|−|c+s|√
2
and g = s(s − c). These correlations have
nonzero Bell and Mermin discord as follows (see fig. 5),
G = 2√2τ|s − c| > 0 except when θ , 0, pi
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FIG. 6. The violation of the Bell-CHSH inequality for the JPD in
Eqs. (54) and (55) are shown by dotted and solid lines respectively.
and
Q = √2τ
∣∣∣∣|c + s| − |c − s|∣∣∣∣ > 0 except when θ , 0, pi4
=
{
2
√
2τ when c > s
2
√
2τ(1 − τ2) when s > c.
Notice that the correlation in Eq. (54) becomes Bell-Schmidt
box in Eq. (48) for θ = pi/4 since the settings becomes op-
timal for Bell discord and becomes Mermin-Schmidt box in
Eq. (52) for θ = pi/8 since the settings becomes optimal for
Mermin discord.
(ii) For the settings that lie in the xz-plane: ~a0 = cxˆ + szˆ,
~a1 = sxˆ − czˆ, ~b0 = 1√2 (xˆ + zˆ) and ~b1 = 1√2 (−xˆ + zˆ), the
correlations have the following 3-decomposition,
P = (1 − µ − ν) PG=0Q=0 + ν
P000PR + P11γPR2
 + µP000PR , (55)
where the PR-box and Mermin box components, µ and ν, are
the same as for the correlations in Eq. (54). The G = Q = 0
box, PG=0Q=0, in Eq. (55) has nonmaximally mixed marginals,
whereas the G = Q = 0 box in Eq. (54) has maximally mixed
marginals. Thus, the correlations in Eqs. (54) and (55) differ
only by their marginals because of this reason the violation
of the Bell-CHSH inequality is larger for the latter correlation
than the former correlation (see fig. 6).
C. Mixed quantum discordant states
Consider the correlations arising from the Werner states,
ρW = p|ψ+〉〈ψ+| + (1 − p) 14 . (56)
which are entangled iff p > 13 [12]. It is known that the Werner
states have nonzero quantum discord if p > 0 [18], similarly,
we show that the Werner states can have Bell discord and Mer-
min discord if p > 0.
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1. Bell-Werner box
For the settings that gives rise to the optimal Bell-Schmidt
box given in Eq. (48), the correlations can be decomposed
into the Tsirelson box and white noise as follows,
P = p
[
1√
2
P000PR +
(
1 − 1√
2
)
PN
]
+ (1 − p)PN . (57)
These correlations violate the Bell-CHSH inequality if p >
1√
2
and have Bell discord G = 2√2p > 0 if p > 0. Bell
discord of the local correlations in Eq. (57) reveals nonclas-
sicality of the entangled states which cannot give rise to the
violation of a Bell-CHSH inequality and separable nonzero
quantum discord states originating from nonlocality.
2. Mermin-Werner box
For the settings that gives rise to the optimal Mermin-
Schmidt box given in Eq. (52), the correlations can be de-
composed into Mermin box and white noise as follows,
P = (1 − p)PN + p
P000PR + P111PR2
 . (58)
These correlations violate the EPR-steering inequality if p >
1√
2
and have Mermin discord Q = 2p > 0 if p > 0. Mermin
discord of the local correlations in Eq. (58) reveals nonclas-
sicality of the entangled states which cannot give rise to the
violation of an EPR-steering inequality and separable nonzero
quantum discord states originating from EPR-steering.
3. Bell-Mermin-Werner box
For the settings ~a0 =
√
pxˆ+
√
1 − pyˆ, ~a1 =
√
1 − pxˆ− √pyˆ,
~b0 = 1√2 (xˆ + yˆ) and
~b1 = 1√2 (xˆ − yˆ), the Werner states give
rise to Bell-Mermin box which has Bell and Mermin discord
simultaneously as follows,
G = 2√2p| √p − √1 − p| > 0 except when p , 0, 1
2
and
Q = √2p| √p + √1 − p − ∣∣∣∣√p − √1 − p∣∣∣∣ |
> 0 except when p , 0, 1
=
{
2
√
2p
√
p when 0 ≤ p ≤ 12
2
√
2p
√
1 − p when 12 ≤ p ≤ 1.
The correlations have a 3-decomposition as follows:
P = (1 − q − r)PN + q
P000PR + P11γPR2
 + rP000PR , (59)
where q = p√
2
| √p + √1 − p − ∣∣∣√p − √1 − p∣∣∣ | and r =
p√
2
∣∣∣√p − √1 − p∣∣∣. Since the settings becomes optimal for
Bell and Mermin discord when p = 1 and p = 12 respectively,
the correlation in Eq. (59) becomes the Bell-Werner box in
Eq. (57) at p = 1 and the Mermin-Werner box in Eq. (58) at
p = 12 .
It has been shown that the quantum correlations quantified
by quantum discord in mixed states plays the role of entan-
glement in pure states and the Werner states are maximally
quantum-correlated states [23]. Similarly, we observe that the
correlations arising from the Werner states in Eqs. (57)-(59)
and the correlations arising from the Schmidt states in Eqs.
(48), (52) and (54) have the similar decompositions; the pa-
rameter p (quantum discord) in the Werner states plays the
same role as the parameter s (entanglement) in the Schmidt
states.
D. Mixed nonmaximally entangled states
We consider the correlations arising from the mixed states
which can be written as a mixture of the Bell state and the
classically-correlated state,
ρ = p|ψ+〉〈ψ+| + (1 − p)ρCC , (60)
where ρCC = 12 (|00〉〈00| + |11〉〈11|). We illustrate that for the
measurements that gives rise to optimal Bell discord, these
states have the same behavior as the Werner states, and, for
the measurements that gives rise to optimal Bell nonlocality,
these states and the Schmidt states in Eq. (47) have similar
behavior:
For the settings that gives rise to the noisy PR-box in Eq.
(48), the correlations arising from the states in Eq. (60) have
the same decomposition as for the Bell-Werner box in Eq.
(57) because the classically-correlated state in Eq. (60) gives
rise to white noise for this settings which implies that the cor-
relations violate the Bell-CHSH inequality if p > 1√
2
and have
Bell discord G = 2√2p > 0 if p > 0.
For the settings ~a0 = zˆ, ~a1 = xˆ, ~b0 = cos tzˆ + sin txˆ and
~b1 = cos tzˆ − sin txˆ, where cos t = 1√
1+p2
, the correlations
arising from the mixed states in Eq. (60) violate the Bell-
CHSH inequality i.e., B000 = 2
√
1 + p2 > 2 if p > 0 and
have Bell discord G = 4p2√
1+p2
. Thus, the correlations have
analogous properties of the Bell-Schmidt box in Eq. (49); the
parameter p in the mixed entangled states plays the role of the
parameter s in the Schmidt states.
E. Classical-quantum and quantum-classical states
Here we show that all classical-quantum (CQ) and
quantum-classical (QC) states have G = Q = 0 for all mea-
surement settings. The CQ states can be written as,
ρCQ =
1∑
i=0
pi|i〉〈i| ⊗ χi, (61)
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whereas QC states can be written as,
ρQC =
1∑
j=0
p jφ j ⊗ | j〉〈 j|, (62)
where {|i〉} and {| j〉} are the orthonormal sets and χi and φ j
are the quantum states. Despite the CQ and QC states are not
the product states in general, their joint expectation value can
be written in the factorized form, 〈AB〉 = f (aˆ) f (bˆ), here aˆ
and bˆ are the measurement settings chosen by Alice and Bob
respectively. This factorization of the expectation values for
the CQ and QC states implies that they cannot have nonzero
Bell discord or nonzero Mermin discord for all measurements.
Proof. In the Bloch sphere representation, the CQ states in Eq.
(61) can be written as:
ρCQ =
p0
4
(
1 + rˆ · ~σ) ⊗ (1 + ~s0 · ~σ)
+
p1
4
(
1 − rˆ · ~σ) ⊗ (1 + ~s1 · ~σ) , (63)
where rˆ is the Bloch vector for the projectors |i〉〈i| and ~si are
the Bloch vector for the states χi. Notice that rˆ appears twice
in the above decomposition because of the orthogonality of
projectors on Alice’s side; as a result of this, the expectation
value factorizes as follows,
〈AiB j〉 = (aˆi · rˆ)
(
bˆ j · (p0~s0 − p1~s1)
)
, (64)
whose form is similar to that of a product state, ρ = ρA ⊗ ρB =
1
4
[(
1 + ~r · ~σ) ⊗ (1 + ~s · ~σ)]. The analysis in the previous sec-
tions shows that the optimal settings have the following prop-
erty: for the Bell discord one has, aˆ0 · aˆ1 = 0, bˆ0 · bˆ1 = 0
and aˆi · bˆ j = ± 1√2 , whereas for the Mermin discord one has:
aˆ0 · aˆ1 = 0, bˆ0 · bˆ1 = 0 and aˆi = ±bˆ j. Since the optimal
settings that maximizes G and Q have the common property
that measurements on Alice’s side or Bob’s side are orthog-
onal, we choose orthogonal measurements on Alice’ side to
maximize G and Q with respect to the correlation given in Eq.
(64). Suppose we choose aˆ0·rˆ = 1, the orthogonality condition
(aˆ0·aˆ1 = 0) implies that aˆ1·rˆ = 0. For this choice of orthogonal
measurements on Alice’s side, B00 = |(bˆ0 + bˆ1) · (p0 ~s0− p1 ~s1)|,
B01 = |(bˆ0− bˆ1) ·(p0 ~s0− p1 ~s1)|, B10 = |(bˆ0 + bˆ1) ·(p0 ~s0− p1 ~s1)|,
and B11 = |(bˆ0 − bˆ1) · (p0 ~s0 − p1 ~s1)| which implies that
G = Q = 0 for all possible measurements on Bob’s side. Sim-
ilarly, we can prove that G = Q = 0 for the QC states since G
and Q are symmetric under the parties permutation. 
Since the joint expectation value of any quantum-correlated
state, which is neither a CQ state nor a QC state, cannot be
written in the factorized form i.e., 〈AB〉 , f (aˆ) f (bˆ), all quan-
tum correlated states which have nonzero left and right quan-
tum discord can give rise to nonzero Bell discord or/and Mer-
min discord.
FIG. 7. The square and the star points on the facet of the local poly-
tope represent the classically-correlated (CC) boxes and the quantum
Mermin boxes respectively. The subpolytope, Nmm, formed by the
PR-boxes and the CC boxes is represented by the region connecting
the triangle point on the top, the square points and the triangle point
at the centre of the bottom (white noise). The subpolytope, NTmm,
whose vertices are the Tsirelson boxes and CC boxes is represented
by the region connecting the triangle point on the curved surface,
the square points and white noise. The subpolytope, NQ, whose ver-
tices are the Tsirelson boxes and Mermin boxes is represented by
the region connecting the triangle point on the curved surface, the
star points and white noise. The region connecting the square points
and white noise represents the subpolytope, Lmm, formed by the CC
boxes. The subpolytope, LQ, formed by the Mermin boxes is repre-
sented by the region connecting the star points and white noise.
F. Tsirelson bound
Here we are interested in a restricted NS polytope, NQ,
whose vertices are the 8 Tsirelson boxes,
PαβγT =
1√
2
PαβγPR +
(
1 − 1√
2
)
PN , (65)
and the 8 quantum Mermin-boxes, PαβγM , which are given in
Eq. (33) to figure out the constraints of quantum correlations.
This polytope can be realized by quantum theory which we
illustrate by the correlations arising from the convex mixture
of the 8 maximally entangled states,
ρ =
1∑
k=0
1∑
j=0
p jk |ψ jk〉〈ψ jk | +
1∑
k=0
1∑
j=0
q jk |φ jk〉〈φ jk |, (66)
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where |ψ jk〉 = 1√2 (|00〉 + (−1) jik |11〉) and |φ
j
k〉 = 1√2 (|01〉 +
(−1) jik |10〉). For the measurement settings,MT :
~a0 = xˆ, ~a1 = yˆ, ~b0 =
1√
2
(xˆ − yˆ) and ~b1 = 1√
2
(xˆ + yˆ),
(67)
the correlation arising from the states in Eq. (66) can be de-
composed into 8 Tsirelson boxes,
P(ρ,MT )= p00P000T + p10P001T + p01P100T + p11P101T
+q00P
011
T + q
1
0P
010
T + q
0
1P
111
T + q
1
1P
110
T . (68)
For the measurement settings,MM:
~a0 = xˆ, ~a1 = yˆ, ~b0 = −yˆ and ~b1 = xˆ, (69)
the correlation arising from the states in Eq. (66) can be de-
composed into 8 Mermin boxes,
P(ρ,MM)= p00P000M + p10P001M + p01P100M + p11P101M
+q00P
011
M + q
1
0P
010
M + q
0
1P
111
M + q
1
1P
110
M . (70)
Since the set of quantum correlations is convex [7, 31], any
convex mixture of the two correlations given in Eqs. (68) and
(70),
P = λP(ρ,MT ) + (1 − λ)P(ρ,MM), (71)
is also quantum realizable which implies that the polytopeNQ
is quantum.
We obtain the following relationship between the two quan-
tum correlations given in Eqs. (68) and (70).
Observation 12. For any state given in Eq. (66), Bell discord
of the correlation given in Eq. (68) is related to the Mermin
discord of the correlation given in Eq. (70) as follows,
G(P(ρ,MT )) =
√
2Q(P(ρ,MM)). (72)
Proof. The Bell functions for the settings given in Eq. (67)
reduce to the Mermin functions for the settings given in Eq.
(69) as follows:
Bαβ = 1√
2
| 〈σx ⊗ (σx + σy)〉 + (−1)β 〈σx ⊗ (σx − σy)〉 + (−1)α 〈σy ⊗ (σx + σy)〉
+(−1)α⊕β⊕1 〈σy ⊗ (σx − σy)〉 |
=

(α ⊕ β ⊕ 1)√2|(−1)β 〈σx ⊗ σx〉+(−1)α 〈σy ⊗ σy〉 |
+(α ⊕ β)√2|(−1)γ 〈σx ⊗ σy〉 + (−1)α⊕β⊕γ⊕1 〈σy ⊗ σx〉 |
=
√
2Mαβ for αβ = 00, 01,
(α ⊕ β)√2|(−1)β 〈σx ⊗ σx〉+(−1)α 〈σy ⊗ σy〉 |
+(α ⊕ β ⊕ 1)√2|(−1)γ 〈σx ⊗ σy〉 + (−1)α⊕β⊕γ⊕1 〈σy ⊗ σx〉 |
=
√
2Mαβ for αβ = 10, 11
(73)
due to the linearity of quantum theory, 〈A + B〉 = 〈A〉 + 〈B〉.
The relationship between the Bell and Mermin functions given
in Eq. (73) implies that G(ρ,MT ) =
√
2Q(ρ,MM). 
The relationship between Bell and Mermin discord given
in Eq. (72) implies that the Mermin boxes limit nonlocality of
the most nonlocal quantum boxes to the Tsirelson bound since
G(ρ,MT ) ≤ 2
√
2 follows from the fact that Q(ρ,MM) ≤ 2.
We now discuss the constraints of the quantum region,NQ,
inside the full NS polytope. Notice that correlations in the re-
gionNQ have maximal local randomness i.e., 〈A〉i = 〈B〉 j = 0.
If the full NS polytope is constrained by maximal local ran-
domness, it gives rise to a subpolytope, Nmm, whose vertices
are the 8 PR-boxes and 8 classically-correlated (CC) boxes,
PαβγCC (am, bn|Ai, B j) =
{
1
2 , m ⊕ n = αi ⊕ β j ⊕ γ
0, otherwise. (74)
The polytope,NTmm, whose vertices are the 8 Tsirelson boxes
and the 8 CC boxes is obtained by constraining Nmm by the
Tsirelson inequalities, Bαβγ ≤ 2
√
2 [3]. The polytope NTmm
is quantum since its vertices are quantum realizable [7]. No-
tice that the polytope, NQ, is contained inside NTmm (see fig.
7). Since the Mermin boxes with maximally mixed marginals
limits nonlocality of quantum correlations, finding the physi-
cal constraints ofNQ would help us to single out quantum the-
ory. The set of local boxes which have maximal local random-
ness forms a polytope, Lmm, whose vertices are the CC boxes.
Inside this polytope, there exists a polytope, LQ, whose ver-
tices are the 8 maximally mixed marginals Mermin boxes.
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VI. CONCLUSIONS
We have introduced the measures, Bell discord (G) and
Mermin discord (Q), to characterize bipartite quantum cor-
relations within the framework of GNST. We find that the full
NS polytope can be divided into four parts: (i) G > 0 & Q = 0
region (ii) G = 0 & Q > 0 region (iii) G > 0 & Q > 0 region
and (iv) G = Q = 0 polytope. By using this division, we have
obtained the 3-decomposition of any NS box into PR-box, a
maximally-local box with Q = 2 and a G = Q = 0 box. We
have introduced two types of Mermin boxes which are local
and extremal with respect to the 3-decomposition. We have
identified the largest quantum region with minimal G = Q = 0
boxes that is a subpolytope of the full NS polytope. This sub-
polytope gives us insights to find out what singles out quantum
theory from other nonsignaling theories.
We have applied Bell discord and Mermin discord to
quantify nonclassicality of quantum correlations arising from
the 2 × 2 (two-qubit) states. We find that the quantum-
correlated states which are neither classical-quantum states
nor quantum-classical states can give rise a 3-decomposition
i.e., nonzero Bell discord or/and Mermin discord for suitable
incompatible measurements. We find that when pure entan-
gled states and Werner states give rise optimal Bell or Mer-
min discord, quantum correlations quantified by quantum dis-
cord in the Werner states plays role analogous to entanglement
in the pure states. However, we have considered only those
boxes with two binary inputs and two binary outputs. Sim-
ilarly, it would be interesting to study quantum correlations
arising from dA × dB states by using NS polytope in which the
black boxes have more inputs and more outputs [5, 38].
It is known that the Bell inequalities serve as device-
independent witnesses for entanglement i.e., it reveals the
presence of entanglement in the observed statistics without
any knowledge of the dimension of the measured system and
the measurement devices used [9]. A nonzero Bell or Mermin
discord of a local box cannot be a device-independent witness
of nonclassicality i.e., nonzero quantum discord and incom-
patibility of measurements. This follows from the fact that lo-
cal correlations which have nonzero Bell or Mermin discord
can also arise from the separable classical states in higher di-
mensional space; for instance, a Mermin box can also arise
from a classically-correlated state in higher dimensional space
for compatible measurements [39]. However, Bell and Mer-
min discord are semi-device-independent witnesses of non-
classicality of local boxes [40] in the sense that they reveal
the presence of nonzero quantum discord and incompatibility
of measurements when the dimension of the measured sys-
tem is restricted to be 2× 2 and without any knowledge of the
measurement devices used.
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Appendix A: An example to illustrate the notion of irreducible
PR-box in the decomposition
Here we illustrate the relation between the minimization in
the definition of Bell discord given in Eq. (24) and the ir-
reducible PR-box component in the canonical decomposition
given in Eq. (27) with the following example:
P = 0.4P000PR + 0.3P
010
PR + 0.2P
100
PR + 0.1P
110
PR . (A1)
We are now interested in finding whether this correlation has
the irreducible PR-box component as it has single PR-box ex-
cess, P000PR . Let us now consider the other possible decomposi-
tions for the above correlation in which it can be written as a
convex sum of the reduced PR-box and the three local boxes
which are uniform mixture of the two PR-boxes. If we start
reducing the PR-box excess with the last PR-box to a convex
sum of the irreducible PR-box and the uniform mixture of the
two PR-boxes, the resulting decomposition obtained by fur-
ther reducing this reduced PR-box excess with the other two
PR-boxes can be written as the convex sum of a reduced PR-
box and a local box,
P = µP000PR + (1 − µ)PL, (A2)
where µ = 0.2 and PL = 18 P
000
PR +
1
2 P
010
PR +
1
4 P
100
PR +
1
8 P
110
PR .
The nonzero reduced PR-box excess, µ, in this decomposi-
tion, however, cannot be irreducible as µ vanishes for the other
possible decompositions; for instance, if we start to reduce the
PR-box excess with the second PR-box, µ will vanish. For the
correlation in Eq. (A1), G1 = G2 = 0 and G3 = 0.8 which
explains why the minimization in Eq. (24) is required as G is
intended to quantify irreducible PR-box component.
Appendix B: Linearity of Bell and Mermin discord w.r.t the
canonical decompositions
G is, in general, not linear for the decomposition of a given
correlation into the convex mixture of two G > 0 boxes. For
instance, consider a correlation which is the convex mixture
of two PR-boxes,
P = pPiPR + qP
j
PR; p > q, (B1)
which has G(P) = 4(p − q). Suppose G is linear for this de-
composition, G(P) = pG(PiPR) + qG(P jPR) = 4 , 4(p − q).
However, G is linear for the decomposition of the correlation
in Eq. (B1) into a mixture of a single PR-box and a G = 0
box,
P = (p − q)PiPR + 2q
PiPR + P jPR2
 . (B2)
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G is, in general, also not linear for the decomposition of a
correlation into the convex mixture of two G = 0 boxes. For
instance, consider the following uniform mixture of two Mer-
min boxes (the triangle point on the facet of the local polytope
in fig. 1),
P =
1
2
P1M +
1
2
P2M , (B3)
where P1M =
1
2
(
P000PR + P
111
PR
)
and P2M =
1
2
(
P000PR + P
110
PR
)
. Eval-
uation of G on the right hand side by using linearity gives
1
2G(P1M) + 12G(P2M) = 0, however, G(P) = 2. The correlation
in Eq. (B3) can also be written in the isotropic PR-box form
as follows,
P =
1
2
P000PR +
1
2
PN . (B4)
It is obvious that G is linear for this decomposition. Similarly,
we can observe that Mermin discord is, in general, not linear
for the the decomposition of a given correlation into a mix-
ture of two Q > 0 boxes or Q = 0 boxes and linear for the
canonical decomposition.
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